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Abstract
The electric and magnetic field from an electromagnetic wave usually are a matter of
interest for regulatory standards to accomplish electromagnetic compatibility. Also in
research works of technology in radio frequency, it is very important to analyze the electro-
magnetic fields. The electric and magnetic probes are studied and discussed in this chapter.
The most important electric field probe is the dipole antenna, usually an electrically short
dipole antenna. The loop antenna is used as magnetic field probe to measure the magnetic
field. The current distribution and the electric circuit model for the dipole and the loop
antennas are obtained. The antenna factor is also defined and calculated for the same
antenna. This antenna factor allows to determine the incident electric field to the dipole
antenna and the incident magnetic field to the loop antenna. The special cases of the
electrically short dipole and the electrically short loop antennas are discussed. The Helm-
holtz coils are usually used to establish a known and uniform magnetic field zone for
various applications. In the area where a uniform magnetic field is generated, sensor and
magnetic field probe calibrations can be made in a low-frequency range.
Keywords: Maxwell equations, dipole antennas, loop antennas, electric field probe,
magnetic field probe, Helmholtz coils, effective area, effective length, antenna factor
1. Introduction
This section explains the concepts that correspond to themaximum effective area and the effective
length of a receiving antenna, when an electromagnetic wave is incident on the antenna. The
concepts of electromagnetic waves, planewave propagation in space, electric andmagnetic fields,
Poynting vector andpowerdensity incident onan antenna, dipole and loopantennas are required.
1.1. Effective area and effective length
In Figure 1a, an incident electromagnetic wave captures by receiving antenna, that is connected
to a load impedance ZL, can be observed. The electromagnetic wave is polarized in the z
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direction, which leads to a, and the antenna is oriented to the maximum gain direction. The
incident power density of the electromagnetic wave [1] can be expressed in terms of the electric
field as:
Pi ¼
Eij j
2
2Z00
(1)
where Z00 is the intrinsic vacuum impedance, Pi is the time average of incident power density,
and ∣Ei∣ is the intensity of the incident electric field.
The maximum effective area of an antenna can be defined as the ratio between the power
received at the antenna terminals and the power density incident to the antenna, for linear
polarization:
Aeff ¼
WR
Pi
(2)
In this case, the antenna is oriented to receive maximum power, and the load impedance ZL is
matched to the impedance of the receiving antenna ZA:
WR ¼ PiAeff (3)
From Eqs. (1) and (3):
WR ¼
Eij j
2
2Z00
Aeff (4)
The equivalent electric circuit of a receiving antenna in Figure 1b, where the incident electro-
magnetic wave is polarized in the z direction, and coincides with the polarization of the
(a) (b)
Figure 1. (a) Receiving antenna, with incident electromagnetic plane wave, parallel to the antenna. (b) the Thevenin
equivalent electric circuit of the receiving antenna.
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receiving antenna. The effective length of a receiving antenna can be defined as the ratio
between the voltage induced at the terminals of the open circuit antenna and the incident
electric field:
Leff ¼
∣Voc∣
∣Ei∣
(5)
where ∣Voc∣ is the voltage received at the terminals of the open circuit antenna and ∣Ei∣ is the
incident electric field.
The total apparent power in the load can be expressed thus:
VL  IL ¼ ∣VLkIL∣cosϕþ ∣VLkIL∣sinϕ (6)
where VL is the voltage at the load, IL is the current flowing through the load, and ϕ is the
phase difference between VL and IL.
The active received power at the antenna terminals is:
WR ¼
VLj j
2cosϕ
ZL
(7)
The relationship between the load voltage and the open circuit voltage is:
∣VL∣ ¼ ∣Voc∣
∣ZL∣
∣ZL þ ZA∣
(8)
From Eqs. (7), (8) and (5):
WR ¼
EiLeff
 2∣ZL∣cosϕ
ZL þ ZAj j
2
(9)
From Eqs. (4) and (9):
Leff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZL þ ZAj j
2Aeff
∣ZL∣2Z00cosϕ
s
(10)
This effective length is a general expression for any antenna rather than what is usually
defined in the bibliography for dipole antennas [1].
2. Electric field probes
Consider a linear dipole antenna with an incident electromagnetic plane wave, polarized
parallel to the antenna, which is captured by the antenna. The electric circuit of the antenna
without load is shown in Figure 2. The voltage induced in the antenna terminals is denoted
by Voc.
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The effective length of a linear dipole antenna in receiving mode can be defined as a relation of
electric field strength incident to the antenna and the voltage on the antenna, as shown in
Figure 3, [2]. This can be expressed as:
∣Voc∣ ¼ ∣Ei∣Leff (11)
where ∣Voc∣ is the amplitude of the open circuit voltage on the antenna, ∣Ei∣ is the amplitude of the
incident electric field parallel to the antenna, and Leff is the effective length of the linear antenna.
The received voltage is usually measured by the spectrum analyzer, which has the input
impedance ZL ¼ 50Ω, as shown in Figure 4. This receiving voltage and the receiving power
can be expressed as:
∣Vr∣ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W r∣ZL∣
p
(12)
where W r is the power received by the spectrum analyzer and ZL is the impedance of the
spectrum analyzer.
Figure 2. Receiving antenna, with incident electromagnetic plane wave, parallel to the antenna.
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Figure 3. Effective length of the probe (short dipole): L ¼ 0:48λ 30mmð Þ:
Electric Field214
The open circuit voltage can be expressed as:
∣Voc∣ ¼ ∣Vr∣
∣ZA þ ZL∣
∣ZL∣
 
(13)
where ZL ¼ 50Ω
From Eqs. (12) and (13):
∣Voc∣ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W r∣ZL∣
p ∣ZA þ ZL∣
∣ZL∣
 
(14)
Using the Eq. (11), the electric field incident to the probe is:
∣Ei∣ ¼
∣Voc∣
Leff
(15)
FromEqs. (10), (14), and (15), the electric field incident to the dipole can, therefore, be obtained as:
∣Ei∣ ¼
∣Voc∣
Leff
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W r∣ZL∣Z00cosϕ
Aeff
s
(16)
where ZL ¼ 50Ω is the impedance of the spectrum analyzer; ZA is the input impedance of the
antenna; Z00 ¼ 120piΩ is the intrinsic impedance of the vacuum; ϕ is the phase of the imped-
ance ZL; Aeff is the effective area of the receiving antenna; and W r Wð Þ is the power measured
by the spectrum analyzer.
The natural parameter of a receiving antenna is the capture area, or effective area, and the
natural parameter of a transmitting antenna is the gain [3]. Other parameters such as the
transmitting antenna area, or the receiving antenna gain, are obtained by means of the natural
parameters and the effective area of the isotropic radiator.
Figure 4. The receiving antenna with spectrum analyzer connected, and the incident electromagnetic plane wave, has the
electric field parallel to the antenna.
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Figure 5. Measurement setup for E field components Ex, Ey, and Ez .
Figure 6. Simple electric field probe circuit.
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2.1. Example of a radiating field from a dipole
An example of the electric field measurement using a dipole probe is shown in Figure 5. A half
wave dipole is radiating energy, and the probe (dipole) measures the induced voltage for the
three axis: Eθ, Er, Eϕ. Figure 6 shows the electric field probe, composed of a dipole antenna, a
coaxial transmission line, and the connections. This probe is connected to the spectrum ana-
lyzer in order to obtain the received voltage.
Figure 7a shows the received power measured with a dipole probe and Figure 7b shows the
electric field calculated by means of Eq. (16). To obtain the electric field, it is necessary to know
the effective length of the electric field probe (Leff ), the impedance of the electric field probe
(ZA), and the impedance of the spectrum analyzer (ZL).
Figure 8a and 8b shows the curve of the electric field component Er and Eϕ as a function of
distance.
Figure 7. (a) Power measurement at the probe antenna terminals and (b) measured electric field component Ez.
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Figure 8. (a) Measured electric field component Er and (b) measured electric field component Eϕ .
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3. Magnetic field probes
A very useful method for measuring the magnetic field of electromagnetic waves is by means
of a loop antenna, which can be used with one turn or several turns, where a radiating field is
received. A simple loop antenna is shown in Figure 9a [1] and a shielded loop antenna is
shown in Figure 9b [4].
In order to obtain the induced voltage at the terminals of the loop antenna, consider a short
loop antenna, where the wavelength of the electromagnetic wave received is much greater
than the perimeter of the one-turn antenna. The Maxwell-Faraday Law expression in differen-
tial form is [1]:
∇ E
!
¼ 
∂ B
!
∂t
(17)
where B T½  is the magnetic flow density, E V=m½  is the electric field, and t s½  is the time.
If the electromagnetic wave has a harmonic variation as a function of the time, the electric and
magnetic field can be expressed as [5]:
E ¼ E0e
jωt (18)
H ¼ H0e
jωt (19)
From Eq. (17), making the integration at both sides:
Figure 9. (a) Ideal Loop. (b) Shielding loop antenna.
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ð
s
∇ E
! 
 ds
!
¼ 
ð
s
∂ B
!
∂t
 ds
!
(20)
From Eq. (20), applying the Stokes theorem, the electromotive force (FEM) is [1]:
feminduced ¼ 
∂
∂t
ð
s
B
!
 ds
!
(21)
The loop antennas can be classified (into two classes) electrically small and electrically large
antennas. The first is useful for the measurement of the magnetic field induced by the radiated
electromagnetic field [4]. The electrically large loop antennas are those whose circumference is
about a free-space wavelength (C ffi λ). In this chapter, the electrically small loop antennas are
discussed. The electrically small loop antennas are those whose overall length (number of
turns by the length of the circumference) is usually less than one-tenth of a wavelength. This
can be written as [2]:
n  C < λ=10 (22)
where n is the number of turns, C m½  is the perimeter of the circumference of the loop, and λ m½ 
is the wavelength.
In the small loop antennas, the current in the conductor of the antenna can be considered
constant, i.e., I x; y; zð Þ ¼ I0 [2, 4].
3.1. Example
A small loop antenna of radius = 10 cm, with 50 turns, which bandwidth of interest is 200 kHz,
then the number of turns by the perimeter of the circumference is
n  C ¼ 31:4m (23)
The wavelength for the highest frequency is
λ ¼
c
f
¼
3  108m=s
200  103
¼ 1500m (24)
Therefore,
λ
10
¼ 150m (25)
The condition of Eq. (22) is
31:4 < 150m (26)
Then, the condition of Eq. (22) has been satisfied for electrically small loops of a bandwidth of
200 kHz [2, 4].
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The magnetic field intensity inside the loop antenna shown in Figure 15 can be considered
constant, then, Eq. (21) can be expressed as:
feminduced ¼ jωBcosθA (27)
where ω ¼ 2πf rad=s½ , f Hz½  is the frequency, B Wb=m
2
 	
is the magnetic flux density, A m2
 	
is
the area of the loop, and θ rad½  is the angle between z y H.
As the constitutive relation between the incident magnetic field to the antenna H and the
magnetic flux density B [6]:
B ¼ μ0H (28)
where μ0 is the magnetic permeability of the vacuum. Then,
feminduced ¼ jωμ0HcosθA (29)
For the loop antenna of n turns, the induced FEM can be expressed as:
feminduced ¼ jnωμ0HcosθA (30)
The amplitude of the induced FEM can be named open circuit voltage of the loop antenna
(Voc):
Voc ¼ nωμ0HcosθA (31)
If the loop antenna has a ferrite core, the magnetic permeability of the ferrite is μ ¼ μoμr, where
μr is the relative magnetic permeability of antenna loop with a ferrite core, and the magnetic
flux density is B ¼ μrμ0H.
3.2. Electric circuit of the loop antenna
The electric circuit of a loop antenna of n turns in receiving mode can be expressed by
impedance ZA ¼ Rþ jX in series with the ideal voltage generator. The spectrum analyzer can
be represented by means of an impedance ZL ¼ 50Ω. This equivalent Thevenin electric circuit
is shown in Figure 18, where Voc is the open circuit voltage, ZL Ω½  is the impedance of the
spectrum analyzer, and ZA Ω½  is the impedance of the loop antenna.
The measured voltage Vm by the spectrum analyzer can be written as:
Voc
ZL
ZL þ ZA
¼ Vm (32)
From Eqs. (31) and (32), the magnetic field can be expressed like a function of the measured
voltage Vm:
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H ¼ Vm
ZL þ ZA
ZL
1
nωAμ0cosθ
(33)
Therefore, the magnetic flux density results in (Figure 10):
B ¼ μ0H ¼ Vm
ZL þ ZA
ZL
1
nωAcosθ
(34)
3.3. Antenna factor
The definition of the antenna factor Ki, relates the magnetic field H, of the electromagnetic
wave incident to the loop antenna with the current flowing in the loop Im [7]:
Ki ¼
H
Im
(35)
where
Im ¼
Vm
ZL
(36)
From Eqs. (35) and (36), the antenna factor is
Ki ¼ ZL þ ZAð Þ
1
nωAμ0cosθ
(37)
The antenna factor is important because it relates the current measured in the loop antenna
and the incident unknown magnetic field.
Figure 10. Electric circuit model of the loop antenna used for the measurement.
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Another way to define the antenna factor is:
Kv ¼
H
Voc
(38)
where the subindex shows if it is defined by the voltage (v) or current (i).
Using Eq. (31) Kv results:
Kv ¼
1
nωAμ0cosθ
(39)
Note that the relation between Ki and Kv is
Ki
Kv
¼ ZL þ ZA (40)
3.3.1. Example
The antenna factor Kv of three short loop antennas has been computed by means of Eq. (39), as
shown in Figures 11, 12, and 13. The antenna factor Kv has a slope of 20 dB=dec and it is
decreasing with n, ω, μ, and A. This behavior can be observed in Table 1.
Typically, the small loop antennas are used to measure the magnetic fields in a range of
frequencies of 20Hz–30MHz [8]. The loop antenna can also be used to measure the magnetic
field strength emission from a device [9].
From the equation of the open circuit voltage of Eq. (31), Voc increases with the area and the
number of turns n. Both parameters can be used to select the voltage of reception and the
sensibility of the measurement. The section of the wire selected has been chosen to reduce the
losses as Joule effect.
Figure 11. Antenna factor Kv measured and calculated. Loop: radius = 0.05 m and N = 50.
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Figure 12. Antenna factor Kv measured and calculated. Loop: radius = 0.24 m and N = 252.
Figure 13. Antenna factor Kv measured. Loop: radius = 0.09 m and N = 1.
a n Kv (dBA/Vm)f = 1 kHz
0.05 50 50
0.24 252 8
0.09 1 75
Table 1. Antenna factors for three different loop antennas.
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Currently, the measurement of magnetic field emitted by electronic devices is done to verify
the electromagnetic compatibility [9, 10] or the emissions in the nature [11]. In the magnetic
field measurement, a calibrated measurement system is required, where the probes are excited
by the uniform magnetic field [12] to obtain the antenna factor [13]. The magnetic field to be
measured should be in a near-field zone [14] or in a far-field zone [5].
4. Example
A measurement of the power supply of a personal computer is shown in Figure 14a and 14b.
The hotspots are indicated with dark grey where the emission is highest. The magnetic field
probe made with a ferrite core, which has been used in this measurement, is shown in Figure 15.
5. Helmholtz coils
The Helmholtz coils are the most simple configuration to produce a magnetic field relatively
constant. Helmholtz coils are two circular coils coaxial with the same radius, which is equal to
the distance between the planes of the coils [15]. When the current flows in opposite directions,
the configuration is called anti-Helmholtz coils. The cancellation of the magnetic field is
important in various applications such as measurements, bioengineering investigations, and
Figure 14. (a) Power supply in a 2D picture of emission. (b) Emission of the power supply versus x,y.
Figure 15. The magnetic field probe with a coil built with ferrite core.
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calibrations of probes and sensors. In Helmholtz coils expand the area of uniformity of the
magnetic field, and reduce the variation of the field in the axes it is interesting. Based on the
study of a two-coil system, it has been determined that three coils through which current flows
produce magnetic field with better characteristics in intensity and uniformity than the stan-
dard Helmholtz coils. The polygonal coils are easier to be produced in the industry. [16]. When
the number of sides of a polygon forming the coil is increased, the distribution on the intensity
of magnetic field is more uniform [16, 17]. If greater uniformity of the magnetic field is
required, a five-rectangular coils system for measuring biomagnetics can be used [16, 18].
Eight Helmholtz coils are used to calibrate a magnetometer in a uniform magnetic field system
[19] (Figures 16 and 17).
Figure 16. Picture of the Helmholtz coils.
Figure 17. Magnetic field lines of the Helmholtz coils.
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5.1. Helmholtz coils with DC current applied
In the magnetic flux density vector B
!
, produced by two coils, as shown in Figure 16, where a
DC current I is flowing by the coils, two identical terms are obtained. The coils are placed at
z=d/2 and z=+d/2.
The magnetic flux density B
!
of the Helmholtz coils with the radius equal to the distance
between coils has first and second derivatives of zero at z ¼ 0 ∂B
∂z
¼ ∂
2
B
∂z2
¼ 0 [20]. Then, the
magnetic flux density is uniform at z ¼ 0:
B rð Þ
!
j
z¼0 ¼
μ0I
5
4

 3=2
a
bz (41)
The magnetic flux density can be expanded by Taylor series, and then the deviation from
B zð Þ
!
j
z¼0 is B zð Þ ¼ B 0ð Þ 1 1:510
4

 
at ∣z∣ < a10.
5.2. Helmholtz coils with AC current applied computed in any point in the space
Consider two coils connected to an AC generator, where a sinusoidal current I tð Þ flows as
shown in Figure 18. The Helmholtz coils are used in low frequencies: LF, VLF, and ULF. For
these frequencies, the wavelength is much larger than the dimensions of the loop. A number of
turns is used in each winding that make up the Helmholtz coils, where the number of turns of
the coil (n), multiplied by the perimeter of the circumference (C), is much less than a wave-
length NC < λ, which can be enunciated as [2]:
NC <
λ
10
(42)
Figure 18. AC current connected to the Helmholtz coils.
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To the frequencies that fulfill the relation (42), the current is practically constant in each point of
theHelmholtz coils, and itwill only bevariablewith the time. ThevectorialA
!
canbewritten as [2]:
A
!¼ μ0
4π
ð
v
J rð Þ! dv0
R
(43)
For the particular case of the coil can be considered a linear wire where the current flows, the
expression (43) is
A
!¼ μ0
4π
∮
c
I
dl0
R
!
(44)
where dl0
!
¼ asenϕ0; acosϕ0; 0
 dϕ0
r
!¼ rsenθ; 0; rcosθð Þ
r0 ¼ acosϕ0; asenϕ0; 0
 !
R ¼ ∣ r!  r0
!
∣ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2  2rasenθcosϕ0
p
The current intensity I is constant at the perimeter of the loop [2], then, the vector eA results in:
A
!¼ μ0
4π
∮ 0π
bϕIcosϕ0dϕ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2  2rasenθcosϕ0
p (45)
that is, the Fredholm integral of the first kind [21], this results in:
A
!¼ μ0I
πk
ffiffiffi
a
r
r
 1 1
2
k2
 
 K k2
  E k2
   (46)
where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2  z2
p
, k2 ¼ 4ar
aþrð Þ2þz2, K kð Þ ¼
Ð π=2
0
dϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1k2sen2ϕ
p eliptic integral of the first kind.
E kð Þ ¼ Ð π=20 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi1 k2sen2ϕq dϕ eliptic integral of the second kind.
Then, B
!¼ ∇ A! can be computed [21]:
Br
!¼ μ0I
2π
z
r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r þ að Þ2 þ z2
q  r2 þ a2 þ z2
a rð Þ2 þ z2  E k
2

  K k2
 " # (47)
Bz
!¼ μ0I
2π
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r þ að Þ2 þ z2
q  a2  r2  z2
a rð Þ2 þ z2  E k
2

  K k2
 " # (48)
The total magnetic flux density of the Helmholtz coils, where the coils are placed at z ¼ d=2
and z ¼ þd=2 is
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Br ¼ Br r; zþ dð Þ þ Br r; z dð Þ (49)
Bz ¼ Bz r; zþ dð Þ þ Bz r; z dð Þ (50)
5.3. Example
The Helmholtz coils have been built with two coils of radius a ¼ 0:39m, number of turns
N ¼ 8, space between coils s ¼ a ¼ 0:39m, with the AC current applied to the coils of
∣I∣ ffi 15mA at f ¼ 1kHz. The magnetic flux density can be calculated with Eq. (41), thus:
B
!

z¼0
¼
4π107H=m15  103A
5
4

 3=2
0:39 m
bz (51)
Results:
B
!
z¼0
¼ 27:6μTbz (52)
In Figure 19a, the magnetic flux density as a function of z for r ¼ 0 has been plotted, and the
relative error of the magnetic flux density as a function of z and r in a 3D plot is shown in
Figure 19b.
In the zone where the magnetic flux density is uniform, at z ¼ 0, the probes to be calibrated
are placed, at a low frequency signals from DC up to 200kHz, the Helmholtz coils are
used. The errors of the magnetic flux density B can be calculated using Eqs. (47), (48), (49)
and (50).
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Figure 19. (a) Magnetic flux density Bz zð Þ at r ¼ 0 and (b) relative error of the magnetic flux density B with respect to
B z ¼ 0ð Þ.
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